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We prove here that if k is a field of zero characteristic, then any homogenous ideal in k[X, Y] 
is liftable to a radical ideal. On the other hand, if k is a finite field, then for any n 2 2, there 
exist zero-dimensional monomial ideals in k[X,, , X,] which are not liftable to radical 
ideals. 
We deal here with the lifting problem posed in [l] (see definition below). For 
more background and motivation see also [2, 641. 
All the rings here are commutative with unit. A graded ring here is an 
N-graded ring. If R is a graded ring and 0 # x E R, we denote by Z(x) the 
homogeneous component of highest degree which occurs in a homogeneous 
decomposition of x and call it the leading form of x. We define deg x = deg Z(x), 
Z(0) = 0, deg(0) = f z or any i 2 0. For any ideal I of R we denote by Z(Z) the ideal 
in R generated by {f(x): x E Z}. 
If R is any ring, an ideal I # R of R is called zero-dimensional if the ring R/I is 
zero-dimensional, that is if V? is a finite intersection of maximal ideals. An 
element u of R is called radical if the ideal Ru is radical. 
If k is a ring, J is an ideal in k[X,, . . . , X,] and c E k, let .Z(c, X,, . . . , X,) = 
{F(c, X,, . . . > X,): F(X,,, . . 7 X,) E .Z}. Clearly, J(c, X,, . . . , X,,) is an ideal in 
k]X,,..., X,]. If .Z is a homogeneous ideal in k[X,, . . , X,], then 
.Z(O, X,, . . , X,) is homogeneous in k[X,, . . . , X,,] and .Z(l, X,, . . . , X,,) is the 
dehomogenization of .Z with respect to X0. 
If S is a subset of a vector space V over a field k, we denote by kS the subspace 
of V spanned by S. 
Definition (Stanley [5]). A standard G-algebra over a ring k is a graded k-algebra 
A such that A,, = k and A is generated (as an algebra over k) by a finite number 
of homogeneous elements of degree 1. 
In order words, a standard G-algebra over k is a graded k-algebra which is 
isomorphic to a graded k-algebra of the type k[X,, . , , X,] /I, where Z is a 
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homogeneous ideal in the polynomial ring k[X,, . . . , X,]. In this paper a 
standard G-algebra over k will be called in short a k-algebra. 
Definition. Let k be a ring, A and A’ k-algebras. The algebra A’ is a lifting of the 
algebra A if there exists in A’ a homogeneous element X of degree 1 which is not 
a zero-divisor such that the graded k-algebras A and A’IXA’ are isomorphic (cf. 
Grothendieck’s lifting problem, e.g. in [4]). 
We express lifting of algebras over a field in terms of ideals (see Proposition 2 
below) : 
Definition. Let k be a ring, Z and I’ homogeneous ideals in k[X,, . . . , X,] and 
k[X,, . . . X,] respectively. We say that I’ is a lifting of Z if X,, is not a zero-divisor 
mod I’ and there exists an automorphism 6’ of k[X,, . . . , X,] (as a graded 
k-algebra) such that 0(Z) = Z’(0, X,, . . . , X,). 
An equivalent formulation of the last condition is the following: there exists an 
automorphism 4 of k[X,, . . . , X,,] (as a graded k-algebra) such that the 
homomorphism of k-algebras k[X,, . . . , X,]+ [Xi, . . . , X,,] which sends 
X0 H 0, X, H 4(X,) (1 I i I n) induces an isomorphism of k-graded modules 
(I’, X0) /(X0) E I. This is a possible interpretation of [l, Definition 1.7(iii)]. 
Lemma 1. Let k be afield, V an n-dimensional k-vector space, W a subspace of V 
and vl,..., v, vectors in V which span V mod W. Then there exists a basis 
{u,, . . . 2 un} of V such that ui = vi mod W for 1 I i I n. 
Proof. We may assume that W #O. We prove the lemma by induction on n 
starting with n = 1. Let n > 1. If v1 #O, let u, = vi. If vi = 0, let ui be any 
nonzero element of W. By the inductive assumption (with respect to the vector 
space Vlku,), there exist vectors u;, . . , u,!, in V which are linearly independent 
mod ku, and such that UI = ui + (Y,u~ mod W for (Y; E k (25 i I n). Let ui = 
ui - (~;ui for 2 5 i 5 n. Clearly, u,, . . . , u, fulfil the requirements in the 
lemma. 0 
Proposition 2 (cf. Geramita et al. [l]). Let k be a field, Z and I’ homogeneous 
ideals in k[X,, . . . , X,,] and k[X,, . . . , X,,] respectively. Then the ideal I’ is a 
lifting of Z G the k-algebra A’ := k[X,, . . . , X,] II’ is a lifting of 
A := k[X,, . . . XJlZ. 
Proof. 3’. We may assume that Z = Z’(0, X,, . . . , X,). Let J = ker 4, where 4 is 
the homomorphism of k-algebras k[X,, . . . , X,] --+ k[X,, . . . , X,] /I = A, which 
sends X0 ++ 0, Xi H Xi + Z (15 i 5 n). Clearly, (Z’, X0) c J. Conversely, if F E .Z, 
then F(0, X,, . . . , X,,) E I, so there exists G(X,,, . . . , X,) in I’ such 
that G(O,X,,... ,X,)=F(O,X,,...,X,), thus F(X,,X,,. . . ,X,)E 
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(G(X,, . . . , X,), X0) C (I’, X,). It follows that J = (Z’, X,,). Now, A’/X,A’ is 
isomorphic to k[X,, . . . , X,]l(Z’, X0), so A z A’IA’X,. As X0 is not a zero- 
divisor mod I’, we conclude that A’ is a lifting of A. 
‘+‘. As A = A’IA’X, = k[X,, . . . , X,] /(I’, X0) we have a graded epimorphism 
i$: k[X,, 1. .,XJ-+k[XI,... , XJ /I = A with ker #J = (Z’, X0). There exist in 
Z4X,,...,X,I n linearly independent forms Y,, . . . , Y,, such that 4(X,) = 
Y, f Z for 15 i “c n. (This follows from Lemma 1 with respect to V= 
(k[X,, . . . X,])i, W = I, and elements ui E (k[X,, . . . , X,]), such that &(Xj) = 
ui + Z (15 i 5 n). Here (k[Xl, , . . , XJl denotes the subspace of all linear forms 
in k[X,,... , X,] and similarly for I, .) Let 0 be the k-graded automorphism of 
k]X,, . . . , X,] which fulfils @(Y,) = Xj (15 i 5 n). We have for any polynomial 
F(X,, X,, . , . ,X,) in kfX,, . . . , X,J: w-w,7 4, . * . 3 Xl> = w, y* + 
I . * 9 y, + 0, hence 
Y&z ($ eqo, Y,,. . . , 
F(X,, X,, . . . , X,) E ker #J = (I’, X0) # F(0, Y, , . . . , 
YJE 8(Z)@F(O, x,, , . . ) X,,)E B(Z). It follows that 
8(Z) = Z’(0, x,, . . . , X,). As X0 is not a zero-divisor mod I’, we conclude that I’ 
is a lifting of 1. Cl 
Definition. Let k be a ring. A k-algebra A is l~~tab~~ to a reduced (respectively 
integral) algebra if it has a lifting which is a reduced (respectively integral) 
algebra. Similarly, a homogeneous ideal Z in k[X,, . . . X,] is liftable to a radical 
(respectively prime) ideal if it has a lifting which is a radical (respectively prime) 
ideal. 
Thus, if k is a field, a homogeneous ideal Z in k[X,, . . . lir,] is liftable to a 
radical (respectively prime) ideal if and only if the algebra k[X,, . . . , X,,]lZ is 
liftable to a reduced algebra (respectively to an integral domain). In this paper, 
we deal with lifting ideals to radical or to prime ideals, that is lifting algebras to 
reduced or to integral algebras. Such liftings are useful e.g. in investigating 
Hilbert functions (cf. the proof of [l, Corollary 2.5.1 for reduced algebras. Some 
applications for integral domains will be included in a forthcoming paper of the 
present author with L.G. Roberts). 
Lemma 3. Let k be any ring, I’ a lzomogeneous ideat in k[X,,, . . X,,] such that X0 
is not a zero-divisor mod Z’. Then Z’(0, X,, . . . , X,) = Z(Z’(1, X,, . . . , X,,)). 
Proof. Let F(X,, . . . , X,) be a homogeneous polynomial in I’ such that 
F(O, X,, . . . , X,)#O, F=&Yg+- + fd, where h is a form of degree i in 
MX,, * * * , x,1 (Osisd). We have: F(O,X,, . f * ,X,)=f,= 
Z(F(1, X,, . . . , X,))E Z(Z’(l, X,, * * . 3 X,)). As I’ is homogeneous, the ideal 
Z’(0, x,, . . . , X,) is generated by {F(O, X, , . . . , X,): F homogeneous in I’}, so 
Z’(0, x1, . . .,X,)CI(I’(l,X,,...,X,)). 
On the other hand, let F(X,, _ _ .,X,*)~Z’suchthat~=Z(~(l,X~ ,..., X,))# 
0, F(rr;,) x, ) . . . ) X,) = F, + . . . + Fdr where F, is a form of degree i in 
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k[X,, . . . 9 X,,] (0 5 i 5 d). Let G = cf=, XieiFi, so G E I’, G is homogeneous 
and Z(G( 1, X,, . . . , X,)) = t. Let H = G/Xi, where r 2 0 is the maximal power of 
X0 dividing G. As X0 is not a zero-divisor mod I’, it follows that H E I’. We also 
have: H is homogeneous, H(0, X,, . . , X,) # 0 and Z(H( 1, XI, . . . , X,)) = t. As 
we saw at the beginning of the proof, the following holds: H(0, X,, . . . , X,,) = 
Z(H(I, X,, . . . , X,)) = t, so Z(Z’(1, X,, . . . , X,,)) C Z’(0, X,, . . . , X,). Finally, 
Z’(0, x,, . . .,X,)=Z(Z’(l,X, ),..) X,)). 0 
From Lemma 3, we obtain immediately 
Proposition 4. Let k be an ring, I’ a homogeneous ideaZ in k[X,, . . . , X,,] such that 
X0 is not a zero-divisor mod I’. Let Z be a homogeneous ideal in k[X, , . . . , X,]. 
Then I’ is a lifting of Z e there exists a graded k-automorphism 0 of 
k[X,, . . . , X,] such that 0(Z) = Z(Z’(1, X,, . . , Xi)). 0 
In this paper, we use the approach to the lifting problem 
proposition. 
indicated by the last 
Proposition 5. Let k be any ring, Z a homogeneous ideal in 
following properties are equivalent: 
(1) Z is liftable to a radical (respectively prime) ideal. 
k[X,, . . . , X,]. The 
(2) There exists a radical (respectively prime) homogeneous ideal I’ in 
k]X,, . . . , X,,] such that X0 is not a zero-divisor mod I’ and Z’(0, X,, . . . , X,) = 
I. 
(3) There exists a radical (respectively prime) ideal I^ in k[X, , . . . , X,,] such that 
Z(f) = 1. 
Proof. (1) 3 (2). Let .Z be a radical (respectively prime) homogeneous ideal in 
k[X,,, . . . , X,] such that X,, is not a zero-divisor mod J and J(0, X,, . . . , X,) = 
e(Z) for some automorphism 8 of k[X,, . . . , X,]. Let 0’ be the automorphism of 
k]X,, . . . , X,] (as a k-graded algebra) which fulfils: 0’(X,) = X0 and e’(X,) = 
0(X,) for 14iSn. Define Z’=Orm’ (J). Clearly, I’ is a radical (respectively 
prime) homogeneous ideal in k[X,, . . . , X,], X,, is not a zero-divisor mod I’ and 
Z’(O,X, )...) X,)-Z. 
(2) + (3). Let I’ be an ideal in k[X,, . . . , X,] which fulfils the properties in 
(2). Let I^= Z’(1, X,, . . . , X,). By [6, Chapter VII, $5, Theorem 181, which holds 
for any ring k, r^ is a radical (respectively prime) ideal in k[X,, . . . , X,]. By 
Lemma 3, we have Z(f) = Z’(0, X, , . , X,) = I, so (3) holds. 
(3) 3 (1). If r^ is a radical (respectively prime) ideal in k[X,, . . . , X,] such that 
Z(f) = I, let I’ be the homogenization of I^ in k[X,,, . . . , X,] with respect to X,,. 
Hence X, is not a zero-divisor mod I’. Using [6, Chapter VII, $5, Theorems 17 
and 181, which hold for any ring k, we obtain r^= Z’( 1, X1, . . . , X,) and I’ is a 
radical (respectively prime) ideal. By Lemma 3, Z = Z(Z’(1, X,, . . . , X,)) = 
Z’(0, x,, . . . ) X,1). Hence I’ is a radical (respectively prime) lifting of I. q 
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Lemma 6. Let I be an ideal in a graded ring R. Then the set of homogeneous 
elements in l(1) equals the set of the leading forms of elements in I. 
Proof. We have to show that any homogeneous element t in l(Z) is a leading form 
of an element in I. There exists a representation t = zrJ(a,), where ri are 
homogeneous in R, a, are in Z and deg(r,l(a,)) = deg t for all i. It follows that 
t = l(Xriaj). 0 
Lemma 7. Let R be a graded ring with R, = k, afield. Let Z be an ideal of R. Then 
dim, RIZ = dim, R/l(Z). 
Furthermore, if S is a set of homogeneous elements in R, then we have 
- Zf 3 spans the k-vector space R = RIl(Z), then S is also a set of k-generators 
mod I. 
- Zf S is a linearly independent set over k mod l(Z), then S has the same property 
also mod I. 
- Zf S is a k-basis mod l(Z), then S is a k-basis also mod I. 
Proof. Let S be a set of homogeneous elements. Assume that S is a set of 
generators mod l(Z). If R # kS + I, let x be an element of minimal degree in 
R\(kS + Z). As R = kS + l(Z), we have l(x) = u + u, for some homogeneous 
elements u in kS, u in l(Z), such that deg x = deg u = deg u. By Lemma 6, there 
exists yEZsuch that l(y)=u. We have deg(x-u-y)<degx, sox-U-YE 
kS + I, x E kS + I, a contradiction. It follows that S is a set of k-generators 
mod I. 
Assume now that S is linearly independent mod l(Z). If S is linearly dependent 
mod I, then there exists x in I, x = cy=, qsi, with q E k, a,,, f 0, si E S and 
deg x = deg s, 2 deg s, for 1 I i 5 m. It follows that 
ffisr 
i:degs,=degs, 
so 
c cqsi = 0 (mod l(Z)) , 
i : deg s,=deg s, 
a contradiction. 
It follows that S is linearly independent mod I. The rest of the lemma follows 
directly from the assertions proved above. 0 
In the notation of Lemma 7, if S is a set of homogeneous elements which is a 
k-basis mod I, then S is not necessarily a set of k-generators nor linearly 
independent mod l(Z). Indeed, if Z is not homogeneous, then let s be a homoge- 
neous element in l(Z)\Z. Let S be a set of homogeneous elements which contain s 
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and is a basis mod I. Then S is linearly dependent mod Z(Z), because s E S fl Z(Z). 
S is not a set of generators mod Z(Z), otherwise we can choose a subset S, of S 
which is a basis mod Z(Z), and so also mod Z by Lemma 7. As S, is a basis 
mod Z(Z), we have s $S,, so S, $ S, but S, and S are bases mod I, a contradiction. 
We now present a simplified version of the proof of [l, Theorem 2.21: 
Theorem 8 (Geramita et al. [l, Theorem 2.21. Let Z be un ideal in k[X,, . . . , X,] 
generated by a finite set A of monomials, k a JieZd with at least e elements, where 
e = max{a: there exists a monomial Xql. * . Xzn in Ju with ai = a for some i}. Then 
Z is liftable to a radical ideal. 
Proof. Let L be an infinite field which contains k. For any 15 j 5 n choose an 
infinite set of distinct elements tlj E L, i 2 0 such that tj,o, . . . , tj e_-l are in k. We 
associate with any monomial Xi1 . . . Xifl which is not in Z the point 
(tl,b,y . . . ) tn,bn ) in L”. Let V be the set of all these points and let I^ be the set of 
all the polynomials in k[X,, . . . , X,] which vanish on V. For any monomial 
xq’xu,z . . . X> in 4, we have f(X,, . . . , 
if X:l . . . 
X,) = fly=1 np=i’ (Xi - tji) E I^. Indeed, 
XL” eZ, then for some j we have ai > bi, so X, - tj b occurs in the 
product nf=i’ (X, - tji). It follows that f(X,, . . , X,) vanishes at the point 
@Lb, . . . 3 tn,bn ) which is associated with the monomial Xtl . . . Xin, so f E I^. As 
Z(f) = XT’ . . . X2, we conclude Z(f) > 1. 
Assume that Z(i) 2 Z and let u E Z(f)\Z. We may assume that u is a linear 
combination over k of distinct monomials which do not belong to I. Let 
M,,. . ., M, be all the monomials that are divisors of the monomials which occur 
in this linear combination, hence Mi$E’Z for 1 5 i 5 m. Let P,, . . . , P, be the 
points in L” associated with M,, . . . , M,. Let I,, be the set of all the polynomials 
in L[X,, . . . , X,z] vanishing at P, , . , P,,, . We have Z, > jL[X, , . . , X,], so 
Z(Z,) > Z(f), u E Z(Z,,). By the argument above, if M is a monomial different from 
M,,. . . > M,,,, then ME Z(Z,). As u E Z(Z,,), we conclude dim,L[X,, . . . , X,] lZ(Z,,) 
< m. On the other hand, I, is the ideal in L[X,, . . . , X,] of all the polynomials 
vanishing at a set of m distinct L-rational points (namely {P,, . . . , P,}), 
hence dim,L[X,, . . . ,X,1/Z, = m. Using Lemma 7 we obtain: m = 
dim,[X,, . . . , X,]lZ,, = dim,L[X,, . . . , X,] lZ(Z,,) < m, a contradiction. Thus, 
Z(f) = I. As I^ is radical, it follows from Proposition 5 that Z is liftable to a radical 
ideal. 0 
By Theorem 8 we see that any monomial ideal in k[X,, . . . , X,], where k is an 
infinite field, is liftable to a radical ideal. Over a finite field this is false. 
Theorem 9. For any jinite field k and for any n 2 2, there exists a zero-dimensional 
monomial ideal in k[X, , . . . , X,,] which is not liftable to a radical ideal. 
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Proof. First consider the case n = 2. Let m > ]k/. Let I= 
(X”, Xm-‘Yrl, . . . , XYrm-I, Y’,), where r,, . . . , rm are positive integers which 
fulfil the following conditions defined recursively: r0 = 0. Let 0 s i CC m - 1. Let J 
be an ideal which is generated by i + 1 polynomials with leading forms 
X”, Xm-rYrl, . . , , XmSiYri and contains a polynomial with leading forms 
X”-‘-‘Y’ for some t 2 0. Let t(J) be the minimal possible t. As the number of 
ideals J as above is finite we can choose ri+, such that ri+r > t(J) for all J as above 
and ri+r > ri. For example we can choose rl > 0 arbitrarily. 
Clearly, Z is a zero-dimensional monomial ideal. We claim that I is not liftable 
to a radical ideal. Assume the contrary. By Proposition 5 there exists a radical 
ideal I^ in k[X, , . . . , X,] such that f(r^) = I. For any homogeneous f E It choose f” 
in r^ such that I(f) =f. Let g, be the GCD of the polynomials (X”): 
(Xm-iYrq;. . . , 
xm-lyrl,. . . 
(X,-‘Y’*)- (0 5 i “= m - 1). For any i, as Z( gi) divides X”, 
, Xm-iYrl, we see that 1( gi) = a,XSi for some ai # 0 in k and 0 9 S, I 
m - i. Replacing g, by a_‘g, we may assume: I( gj) = X”l. 
We claim by induction on i that si = m - i for 0 I= i I m - 1. The case i = 0 is 
obvious. Let 0 < i 5 m - 1. Assume si < m - i. Let (X”-‘Y’j)^= h,g, (0 5 j 5 i). 
As the GCD of the polynomials hi,. (0 5 j 5 i) is 1, the ideal generated by these 
polynomials is zero-dimensional and so it contains a non-zero polynomial h in 
k[ Y] with leading form Y’ for some t 1- 0. As si < m - i, we have: Xm-i-‘-sEgih is 
a polynomial in the ideal ((X”) -, . . . , (Xm-‘Yri) ^) with leading form Xm-‘-‘Y’. 
Let hi be a polynomial in I -, . . . , (X’n-‘Yri) ^) such that I(h,) is of the form 
X”-‘-‘Y’ with t minimal. We have by definition: t < ri+l <. - . < rm. On the other 
hand, for 0~ j s i, we have m-i- l<m -j, so the monomial X”-‘-‘Y’ 
is not divisible by any of the monomials X”, Xm-‘Yrl! . . . , Yrm. It 
follows that X”2-i-1Yt$(Xm, Xm-‘Yrl, . . . ,Yrrn), Z(_h,) = Xm-i-lYt, hi E 
((x”): . . . , (Y’m)l), contradicting the assumption I(I) = I. It follows that 
t(g,)=X”-‘forOIiSm-1. 
We have: g,_1]g,_2]. . . ]g,= (Xm): As l(g,,_,)=X, we obtain g,_, =X+ 
for some a,_, in k. We have 1(g,_2/g _1) = X, so g _Jg _I = X+ urn-2 
kiome am_2 in k. Finally we conclude g, =;X ) fi = n?, TX + I.) with ai E k. 
As m>jk/, we may assume a, = u2. 
X”-’ E I(f)\l, a 
As r^ i: radicafl,l nz, (Xi ai) E r^, so 
contradiction. It follows that I is not liftable to a radical ideal. 
Forn>2,1etI,=(Z,X3,.. . , X,,). (Here we denote X= X,, Y = X2). Clearly 
1, is a monomial zero-dimensional ideal in k[X, . . . Xn]. Assume that Z, is liftable 
to a radical ideal, then by Proposition 5 there exists a radical ideal fn in 
k]X,,...,X,I such that I(fn)=i,. Let X,-U~E?~~, a,Ek, 3sisn. Let I^= 
%(X, 7 &, a37 . . . , utE) C k[X,, X,]. We have k[X,, X2] /Is k[X, . . . X,] /ia, so r^ 
is radical. It is easy to show that I(f) = I, contradicting the fact that Z is not 
liftable to a radical ideal. It follows that Z, is not liftable to a radical ideal. q 
Theorem 10. Any homogeneous ideal in k[X, Y], where k is a field of zero 
characteristic, is liftu~~e to a radical ideal. 
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Proof. Let R = k[X, Y]. We prove the theorem first for zero-dimensional 
homogeneous ideals. If the theorem does not hold for such ideals, let I be a 
maximal counterexample, so I # R. As R/RX is a graded principal ideal ring, 
there exists a homogeneous element f in Z such that I = (RX fl Z) + Rf. Let 
J = (I: X), so (RX) fl Z = JX. As Z is zero-dimensional we have .Z 2 Z (take e.g. 
X” E I, with m >O minimal and then X”-’ E .Z\Z). We have also X,j’f. By 
assumption and by Proposition 5 there exists a radical ideal J^ in k[X, Y] such that 
I(.?) = J. (In case J = R, take J^ = R). Let u be an element in J^ such that l(u) = f 
(mod (RX n Z)) (so deg u = deg f, Xl/l(~)) and the number of distinct (non- 
associate) prime factors in a prime decomposition of u is maximal among all such 
elements. If u is not radical, let u = uiu, where u1 is a prime element. Let 
d = deg u, . As k is infinite and X/yu we can choose a E k such that ui + aXd is 
not associated with any prime factor of U,U. Let U’ = (u, + aXd)u,u. As J^ is 
radical, we have uru E .?, so U’ E J^. We have Z(u’) = l(u) + aXdl(u,v) and 
Z(U,U) E .Z, XdZ(u,v) E I, so l(u’) = f (mod RX fl I). The number of distinct prime 
factors of U’ is strictly greater than that of u, a contradiction. It follows that u is 
radical. Let c(X) be the discriminant of u as a polynomial in Y over k(X). We 
have c(X) # 0, because k is of zero characteristic and any irreducible polynomial 
in Y over k(X) has distinct roots in a splitting field. 
Choose a E k such that X - a does not belong to any of the primes associated 
with .? and c(a) # 0. It follows that ~(a, Y) is radical, so the ideal (X - a, u(X, Y)) 
is radical. Let r^= (X- a, u) fl .?. Clearly r^ is radical. We claim that Z(f) = I. As 
Z = (RX f7 Z) + Rl(u), if g is a homogeneous element of I, then g = jX + rZ(u) for 
some homogeneous elements j in J and r in R. Let TE J^ such that 1( 7) = j. For 
S = 7(X - a) + YU we have l(g) = g and g E (X - a, u) fl .?. It follows that Z c Z(f). 
On the other hand, let u E 9, so u = I(X - a) + su for some r, s in R, s E k[Y]. 
We have: u E .?, u E .?, so r(X - a) E .? and as X - a is not a zero-divisor mod .?, 
we have r E .?. This proves that r^ = J^(X - a) + Ru. As Xlfl(u) and s E k[ Y], the 
leading forms of r(X - a) and su cannot cancel each other so there are the 
following possibilities: l(u) = l(r)X + l(s)l(u), l(u) = l(r)X and Z(u) = Z(s)Z(u). In 
each case, taking into account the facts: Z(r) E J, l(r)XE I, l(u) E I, we obtain 
l(u) E I, so Z = l(f). By Proposition 5, Z is liftable to a radical ideal. 
Assume now that Z # 0 is not zero-dimensional. Let g be the GCD of all the 
elements in I, so Z = Kg with K homogeneous zero-dimensional or K = R. Let K 
be a radical ideal in K[X, Y] such that Z(K) = K. Let g = g,g, . . g, be a prime 
decomposition of g. Choose a,, . . . , a, in k such that g, - a,, . , g, - a, are 
not associates and gi - ui is not a zero-divisor mod Z? for each i. It follows that 
gi-ui,...,g,-a, are nonassociated primes and for u = n;, ( gi - ai) we 
have Ru + Z? = R. Let r^= Z?u = Z? tl Ru. Clearly, Z is radical and Z(f) = I. By 
Proposition 5, Z is liftable to a radical ideal. 0 
Lemma 11. Let k be a field. Then the ideal (X,, . . . , X,,)r in k[X,, . . . , X,] is 
liftable to a prime ideal e there exists an algebraic extension k(s,, . . . , sn) of k 
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such that the elements sf’s? , . . sf: (Osi,+..- + in < r) form a basis for 
qs,, . . . , s,) as a vector space over k. 
Proof. ‘3’. By Proposition 5 there exists a prime ideal m in k[X,, . , X,] such 
that l(m)=(X,,..., Xn)’ and so m is maximal. Let si = 2, E k[X,, . . . , X,]lm 
(1~ i 5 n). We have: k[X,, . . . , X,] lm = k(s, , . . . , sn) is an algebraic extension 
of k and the elements sy . . . sk (0 5 i, + . . . + i, < r) are linearly independent 
over k (linear dependence would imply the existence in m of a non-zero 
polynomial of total degree <r, contradicting the fact that f(m) = (X,, . . . , X,)‘). 
The elements s: . . . s: (0 5 i, + .. . + i, < r) form a basis of k[X,, . . . , X,] lm 
by Lemma 7. (Alternatively, as Z(m) = (X,, . . , X,)‘, any monomial in s, , . , s, 
of total degree r is a linear combination of the elements sy . . . sf: (0 i i, + . . . + 
i, < r) and therefore so is any other monomial in s,, . . . , s, of any degree. Use 
Lemma 7.) 
‘C’. Let m be the ideal of all the polynomials in k[X,, . . . , X,,] vanishing at the 
point (s,, . . . , s,,). We have: m is a maximal ideal because k[X, , . . . , X,] lm G 
k(s I,“‘, s,). For any monomial M(X,, . . . , X,,) of degree r, there are scalars 
aT”) 1,.12, ,, in k such that 
Let 
M(sl,...,s,)= c a!“? 4 I 
05i1+...+i,<r 
1,.12. , i, 
s1 . ..sn”. 
fM=wXI,...,X,)- c a(M) I,, i, xi: . . . x; . 
OYsr,+...+i,<r 
We have: f, E m for all M, so I(m) 2 (X,, . . . , X,,)r. On the other hand, as the 
set{s’,L...~~:O~i~+...+i,~<r}isabasisofk(s,,...,s,)overk,wehave 
dim k[X,, . . . 3 XJ 
k m 
$+;-I), 
the number of monomials in II indeterminates of degree Cr. By Lemma 7, 
so 
dim k[X,, . . 3 X,1 = dim, k[X,> . . > ?,I k 
Km> (X,,...,X,>” 
so l(m) = (X,, . . , X,)7 
We conclude that (X,, . . . , X,)’ is liftable to a prime ideal. 0 
Proposition 12. Let k be a finite field, r 2 1 and assume Ikl? r. Then, for any 
n 2 1, the ideal (X,, . , X,,)’ in k[X,, . . . , X,,] is liftable to a prime ideal. 
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Proof. Let L be a field extension of degree N over k, where N = ( n ‘,‘~ ’ ) is the 
number of monomials of degree <r in X,, . . , X,,. Let [kl = q, so 1 LI = qN. 
For given ai,, , ;, in k (il + . . . + i, < r), not all zero, the number of solutions 
in L” to the equation 
c 
Oci,+... i,<r 
a,,, , &Xl: . . . x> = 0 
is at most (r - l)]L]“-’ = (I - l)( qN)“-’ [4, Theorem 6.131. The number of all 
such equations, after identifying proportional equations is ( qN - 1) /(q - 1). The 
total number of solutions in L” to such equations is at most (r - 1) 
4 th~~~~;l(s~~-1)/(q-l)<((r-l)/(q-l))q”’”~1’qN~qN~=~L”~. Therefore, 
. . . > s, in L such that the elements sf: . . . si (0 5 i, + * * *i,, < r) are 
linearly indeiendent over k. By Lemma 11, the ideal (Xi, . . . , X,)’ is liftable to a 
prime ideal. 0 
We do not know if the restriction Ikl? r in Proposition 12 can be removed. For 
any given IZ and r, using Proposition 12 and Lemma 11, one can check algorithmi- 
cally if the ideal (X,, . . . , X,,)r is liftable to a prime ideal over any finite field. For 
example this holds for n = 2 and 15 r I 3. (For 14 r 5 2 this holds for any rr and 
the proof is easy. Let n = 2, r = 3. By Proposition 12 it is enough to check the 
case I kl = 2. In this case let s be a root of the polynomial X6 + X5 + 1 over k and 
t = s3. We have [k(s): k] = 6 is the number of monomials in X, Y of degree <3 
and the elements 1, s, t, s’, st, t2 which are equal to 1, S, s3, s*, s4, s6 = s5 + 1 
respectively are linearly independent over k as [k(s): k] = 6. By Lemma 11 we 
conclude that (X, Y)’ is liftable to a prime ideal.) 
Proposition 13. For any n, any power of the ideal (X,, . . . , X,) in Q[X,, . . . , X,] 
is liftable to a prime ideal. 
Proof. Let rrl, N= (“+K1 ) = the number of monomials in n indeterminates of 
degree <r and let p 2 r be a prime number. By Proposition 12 and Lemma 11, 
there exists an algebraic extension F,(s,, . . . , s,) of F, = ZlpZ, such that 
{ 
silSi2 . . . ,yi: OSi,+*-* + i, < r} is a basis for F,(s,, . . , s,) over FP. There 
exist: an element s such that F,(s,, . . . , so) = F,(s). Let fo(X) be the minimal 
polynomial of s over F,, so deg fo(X) = N and let f,(X), . . . , f,(X) be polyno- 
mials in F,[X] such that si =f,(s) for 15 i 5 n. Let g,(X), gr(X), . . . , g,(X) be 
polynomials in Z[X], such that their canonical images in ZIpZ[X] are fo(X), 
fi(X), . . , f,(X) respectively and g,(X) is a manic polynomial. Clearly g,(X) is 
an irreducible polynomial in Z[X] and also in O[X]. Let t be a root of go(X) in @ 
and let ti = g,(t) (15 i IS n). We have [Q(t): Q] = deg g,(X) = N, so, to finish the 
proof, it is enough to show that the elements t: . . . t: (0 I i, + * + . + i, < r) are 
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linearly independent over Q (see Lemma 11). Let 
c 
Osi,+.-.+i,<r 
ai ,(‘,_, i,t:... +o, 
where the coefficients ai1 , i are in Q, not all 0. Multiplying all the coefficients 
by a non-zero rational number”we can assume that all the coefficients are in Z and 
not all of them are divisible by p. Let 
h(X) = C 
Osi,+,..+i,<r 
‘j,, , i,gl(x)i’ ’ ’ . S,(x)i’ ’ 
As h(t) = 0, we have g,(X)]h(X) in ‘E?[X], so h(X) = g,(X)u(X), u(X) E Q[X]. 
As h(X) E Z[X] and g,(X) is a manic polynomial in Z[X], we obtain u(X) E 
Z[X], so h(s) = 0 in ZlpZ[X] and 
c 
“5il+...+Ln<’ 
ai,, ,&Sjl . . . s> = 0 ) 
a contradiction. 0 
The analogue of Proposition 13 is clearly false over an algebraically closed field. 
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